The problem of modulation instability of a self-focused beam in a homogeneous nonlinear medium with saturation and anomalous group-velocity dispersion is solved numerically. It is shown that the results of this instability is beam breakup into a periodic train of three-dimensional (3D) 
I. INTRODUCTION
There is currently great interest in three-dimensional (3D) localized pulses or "optical bullets" [1 -3] in selffocusing media with anomalous group-velocity dispersion. It was shown in Ref. [3] that these 3D self-focused pulses are robust in the sense that they remain as separate solitary formations even after collisions. This behavior resembles that of solitons in 1D integrable systems, so we can call them "3D solitons. " In fact, this terminology has become common since it was introduced in plasma theory [4] . Nevertheless, to avoid controversy or confusion we shall call them in the rest of this paper "3D optical solitary waves" or simply "optical bullets. " The question arises as to whether it is possible to generate these 3D solitary waves using the process of modulation instability of self-trapped beams. This type of modulation instability of the lowest-order self-trapped beam was first considered by Zakharov and Rubenchik [5] and studied in more detail in Ref. [6] . The effect of modulation instability on a 1D cw wave in a single-mode optical fiber has been predicted [7] , theoretically investigated [8] , and experimentally observed [9, 10] .
The aim of this paper is to investigate the modulation instability of self-focused beams in bulk, dispersive, nonlinear media and the process of generation of a train of 3D solitary waves as a result of this instability. We restrict ourselves to the case of saturable nonlinearity in this work to avoid the problem of beam collapse. The interesting phenomenon that we observed in our numerical simulations is the irreversible convergence of the solution to the regular train of optical bullets. This convergence shows that, at least for some range of relevant parameters, optical bullets can serve as attractors. The fact that a soliton gas can be a statistical attractor in the asymptotic state of turbulence was shown in Ref. [11] . In con-I =2~f r dr f drag(r, r)~, 0 00 (2) which does not depend on z. So, the system described by Eq. (1) is Hamiltonian. We shall call I the "energy invariant. " Equation (1) also has stationary (independent of z and t) solutions localized in two transverse dimensions [12] . These stationary solutions fo(r) can be found by solving Eq. (1) , from which the terms with derivatives on z and t are excluded: trast to [11] , ( [6] . As an illustrative example we show in Fig. 2 [1].
The energy invariant I for optical bullets in spherical coordinates takes the form 1=4~j IUI p dp.
The energy invariant versus propagation constant o. for optical bullets described by Eq. (6) is shown in Fig. 1 Fig. 1 solve the dispersive part using the fast Fourier transform which automatically imposes time periodic boundary conditions. The diffractive plus th 1' e non inear part is solved using a Crank-Nicholson scheme with zero boundary condition at the maximum value of r considered. To ensure the reliability of our code we first considered initial conditions in the form of optical bullets: 1t(r, r, z =0) = U(p, a) (9) and we verified that they propagate long distances (up Fig. 3 decreases in length, but the rest of the curve in Fig. 3 propagation.
The horizontal line in Fig. 3 (at intensity level =48.3), around which oscillations take place, corresponds to the peak intensity~U(p=0)~of the optical bullet having propagation constant a=2.94 [point A in Fig. 1(a) ]. We can suppose that oscillations in Fig. 3 converge to this value. Field envelope oscillations also occur around a mean shape corresponding to this optical bullet. To see this, we present in Fig. 4 As a consequence of this radiation process, the energy in each period in~decreases with each oscillation. The horizontal line in Fig. 1(a Of course the negative part of the x axis is only for the~variable.
At each oscillation, a small amount of energy is radiat- [8] . There is no recurrence to the initial cw wave as occurs in the 1D case [8] , nor is there a pseudorecurrence as in the case of transverse modulation instability in 2D [14] . An interesting situation now arises. Equation (1) To see this behavior of the solution in a more obvious way, we show in Fig. 8 evolution accumulates phase, so the resulting field at the end of the process will have an additional rapidly oscillating factor, exp[i(a -1)z], relative to the initial field. So the final limit cycle will be motionless in the complex plane which rotates rapidly relative to the initial plane where the saddle-type point is motionless. Physically, this means that during propagation, the propagation canstant changes by certain amount (a -1). So we plot Fig.   8 in a rotating frame with phase factor e px(i l. 49z). The corresponding optical bullet can be represented in this plot by any point at a fixed distance from the origin (a constant phase can be arbitrarily chosen). For a given a, these points are located on the circle designated by a dotted line in Fig. 8 . The trajectory of the field in our case converges to one of these points. So the optical bullets in a Hilbert space are the foci in the sense that they can attract the trajectories which go close enough to these points. Figure 8 shows an example of motion from one unstable stationary (saddle-type) point of Hilbert space to another stable focal point.
We also cannot neglect that limit cycles exist around these points. The solution can be periodic in nature, as happens in Fig. 8 where R (r) is some radial envelope which contains enough energy to excite optical bullets in each half-period of the cosine function. Equation (9) Fig. 9(a) . The initial condition (10) is not close to any stationary solution, so it starts to change immediately at z =0. As in the previous case, the field oscillates around the average amplitude~i/t~=52. The amplitude of these oscillations decreases in the same way as in the case shown in Fig. 3 .
The whole profile converges to the one corresponding to an optical bullet. The trajectory of this motion in complex space is shown in Fig. 9(b) Fig. 9(b) Fig. 3 and (b) the same as in Fig. 8 but for the initial condition given by Eq. (10).
FIG. 10 . Intensity distribution of the field in a period at z =20 for the same initial condition as in Fig. 9 .
V. CONCLUSIONS
The train of separate optical bullets is produced due to the effect of modulation instability in the cases considered above. In some simulations we also used weakly modulated Gaussian beams. These beams also break up into a train of pulses with good convergence to optical bullets, if the initial Gaussian profile is close enough to the stationary solution. %'e thus expect that in a properly arranged experiment, using a medium with anomalous groupvelocity dispersion, any beam with a shape close to the self-focused one will break up into a train of optical bullets if it is slightly modulated in a certain range of frequencies.
In 
